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Nonlinear Adaptive Control of Spacecraft Maneuvers
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A novel method is presented to carry out near-minimum-time maneuvers of a spacecraft of unknown inertia.
The formulation assumes the presence of three orthogonal reaction wheels located near the system mass center
and oriented arbitrarily with respect to the spacecraft principal axes. Modified Rodrigues parameters along with
their shadow set are used as the primary attitude coordinates. Open-loop maneuver laws are designed while
solving the equations of motion by inverse dynamics approach. This approach permits the approximateimposition
of the maximum saturation torque constraint. The torque profiles are near-bang-bang, with the instantaneous
switches replaced by cubic splines of specified duration. An adaptive tracking control law is developed to determine
perturbations to the nominal open-loop torque commands that will ensure the actual motion to follow the nominal
motion in the presence of uncertainty in the inertia matrix and errors in the initial attitude. Global stability of the
overall closed-loop controller is proved analytically and demonstrated by numerical simulations.

I. Introduction

HE general problem of large-angle attitude maneuvers of an

orbiting spacecraft has been a subject of considerable study.
Design of feedback control for such problems using Lyapunov
stability theory was shown by Vadali and Junkins' and Wie and
Barba.? For example, during the Clementine mission, Creamer et
al.? presented a Lyapunov stability theory-derivedcontrol law for a
reaction-wheel controller that gave excellent on-orbitresults.

The task of choosing an appropriate attitude coordinate system
for expressing rotation of a body-fixed reference frame with respect
to a suitable inertial frame is implicit in all large-angle maneuver
problems. A very recent survey paper presents the properties of var-
ious kinematic coordinate sets.* It is well known that the use of a
minimal representationby the Euler angles yields singular orienta-
tions in which the solutionremains undetermined. With the addition
of adegree of redundancy, it canbe shown that the problemsencoun-
tered with Euler angles can be avoided completely. This method of
quaternions (Euler parameters) is based on the fundamentalrotation
theorem®® proved by Euler that any rotation of a reference frame
with respectto another can be representedby a rotationabouta prop-
erly chosen eigenaxis. Stated in another fashion, the rotation matrix,
apart from the trivial case of identity, has a unique eigenvector cor-
respondingto the eigenvalue at unity. Control systems based on the
quaternion approach have been applied in a variety of problems,
a specific instance being Ref. 7. In another example, Cristi et al.3
show an adaptive quaternionfeedbacklaw for eigenaxis maneuvers.

The modified Rodrigues parameters (MRP), following develop-
ments by Marandi and Modi,” allow a +360-deg range of nonsingu-
lar rotations. In combination with the corresponding set of shadow
parameters, they lead to a globally regular and nonsingular three-
parameter attitude representation system.!® Although accepting the
fact that the choice of kinematic coordinates still remains a matter
of personal choice, we opt for the nonsingular minimal coordinate
description of rotational dynamics afforded by the MRP along with
their shadow set.
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Application of optimal control theory to the kinematic and dy-
namic equations of motion leads to a nonlineartwo-pointboundary-
value problem that is solvable by iterative numerical methods, but
typically is not compatible with real-time computing constraints. A
significant collection of alternative approaches based on Lyapunov
stability theory is given in Refs. 11 and 12. These methods lead to
efficiently computable suboptimal designs that are compatible with
real-time computational constraints and offer advantages such as
stability and robustness. Based on these approaches, a procedure to
establish an easily obtainable open-loop reference trajectory is pre-
sented. The bang-bang optimal control torque, which could excite
significant vibrational modes,'*'# is smoothed by a cubic spline,
resulting in an excellent family of large-angle approximately near-
minimum-time (suboptimal) rest-to-rest maneuvers.

In space applications, one can expect the system inertia parame-
ters to be subjectto uncertainty. In particular problems, these varia-
tions could be due to several reasons, such as changes in the overall
system configuration. Such situations call for self-tuning (adaptive)
control schemes.!> Creamer et al.*> demonstrate a spacecraft inertia
estimator based on the Kalman filter algorithm that yielded very
good results. We present a globally stable nonlinear adaptive con-
trol algorithm that tracks the open-loop reference trajectory in the
presenceofinertiauncertainties. A previousapproachby Slotine and
DiBenedetto'® focuses on the developmentof an adaptive controller
involving the Gibbs representation suitable for rotations through
angles less than 180 deg. The use of MRP along with their corre-
sponding shadow set in our paper permits maneuvers through the
complete range of 360 deg.

The kinematics and dynamics of a rigid spacecraftcontaining re-
actionwheels are presentedin Sec. II. An inversedynamicsapproach
to the design of nominal near-minimum-time open-loop maneuvers
is given in Sec. III, followed by the nonlinear adaptive control tech-
nique in Sec. IV. Numerical simulations and conclusions are given
in Secs. V and VI, respectively.

II. Spacecraft Kinematics and Dynamics

The orientationof an arbitrarybody-fixed frame {l;} toanarbitrary

inertial frame {f1} atany instantof time 7 is governedvia the direction

cosine matrix [BN (¢)] as

{b(n)} = [BN (n)]{) ()

This direction cosine matrix is parameterized by the MRP vector
o = [01(1), 02(t), 03()]". Then,

41 -o"0) .

T Urorer Nt Troter

[BN(®]=[C(o)] = I (61

2)
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where /5 is the 3 x 3 identity matrix and the skew-symmetric tilde
matrix [ -] is defined as follows:

0 o3 —0y
[5] =103 0 0 3)
o, —0) 0

The MRP set of coordinates is related to the Euler parameters
(quaternions) by the functional relation

oi = (Bi/1+ B, i=1,273 @)

Note that the Euler parameters themselves can be obtained from the
unit vector e along the Euler’s principal rotation axis with compo-
nents [ey, e;, e;]” and the principal rotation angle ® as

Bo = cos(P/2),

Bi = e; sin(®/2), i=1,2,3 (5

Thus, the Euler parameters satisfy the holonomic constraint
ot B+ B 4B =1 (©)

Using Eq. (5) in Eq. (4), we can show that the MRP vector can be
written as

o = etan(d/4) (7

Neither the Euler parameters nor the MRP vector are unique. The
shadow set associated with the MRP can be found by using —B; (¢)
instead of B; (¢) in Eq. (4). The mapping from the original set to the
shadow set is

al.s=—ai/aTa, i=1,2,3 8)
The kinematic differential equationsin terms of the MRP are given
by

o =[D(o)]w ©)

where w = [w;, Wy, ws]” are the {l;} components of the angular
velocity of the body frame with respect to the inertial frame {71} and

D(a)—l 1-dlo L +[6]+ 00" (10)
—2 ) 3 o oo

The shadow coordinates are denoted with a superscript S, merely to
distinguish them from the original coordinates o;. Note that both o
and o represent the same physical orientation, similar and related
to the case of the two possible sets of Euler parameters and the
principal rotation vector. However, the modified Rodrigues shadow
vectoro® (¢) has the oppositesingularbehaviorto that of the original
vector o (t). We note that both o and o5 satisfy exactly the same
differential equation of Eq. (9) and, individually, both are contin-
uous functions of time.

The switching from the original MRP componentsto their shadow
counterparts using Eq. (8) may be done conveniently whenever the
condition o7 = 1 is met. Note that this switching represents a
jump discontinuity from the regular MRP to their shadow counter-
parts but precludes any possibility of kinematic singularities. Such
a switching condition also ensures that the magnitude of the MRP
vector during the switching condition is continuous and the MRP
components before and after switching are always bounded within
the unit sphere.

Euler’s equations for the rotational motion of a rigid spacecraft
with three reaction wheels about the principal axes can be written
as

w={—-J)""[&H — u] (11)
H=I1w+JQ (12)
Q=J'u—0w (13)

where Qis the wheel-speedvectorin the wheel frame, u is the torque
vector applied to the wheels in the wheel frame, I is the composite

spacecraftinertia matrix, and H is the angular momentum vector. J
is the diagonal wheel inertia matrix in the case of reaction wheels
about spacecraft principal axes. For the more general situation in
which the reaction wheels are about nonprincipalaxes, we have the
following structure for J:

J =[Ji{vi} | Lo{va} | J3{vs}]

where J; is the 3 x 3 diagonal inertia matrix of the ith wheel and
v; are the {b} components of the unit vector »; along the spin axis
of the ith wheel. These equations of motion for the most general
case are developedin Ref. 6, starting at p. 128. The skew-symmetric
body-rate matrix @ follows from the definition of the cross-product
operatorin Eq. (3). For a systemnot subjectto externaldisturbances,
the wheel-speed histories during the course of the maneuver can be
determined without separate integration of Eq. (13) from the con-
servation of the angular momentum [defined in Eq. (12)], resulting
in

Q) = J7'[H(1) — Tw(t)] = J{[BB(1, 1,)H(t,) — [w(1)}

(14)
where
H(1,) = Iw(1,) + JQA,)
The matrix BB(, 1,) satisfies
[BB(1,1,)] = [BN()][BN(1,)]" (15)

This operator can be seen as the transformation matrix from any
instantaneousbody frame to the initial body frame governed by the
relation

{b(t)} = [BB(t,1,){b(1,)} (16)

III. Design of Reference Maneuver Trajectory

In this section,a method to designa near-minimum-timereference
maneuver trajectory is established. We begin by introducing three
reference frames and an unambiguous notation for the direction co-
sine matrices defining the relative orientation between these refer-
ence frames. The spacecraftfixed-bodyaxesare {b} = {b,, b,, b3}7,
whereas the reference axes at time 7 along the reference maneuver
trajectory are {F} = {7, 75, 73}7 so that {F(¢)} reaches {b(t,)} as
t — t;. Theinertially fixed axes are denoted as {n} = {ii, n», n3}".
The following notation is adopted for the direction matrices:

{b(t)} = [BN(1)I{A}, {F(O} = [RN()]{n}
{b(t)} = [BROIF (1)}, [BR(1)] = [BN(][RN (1)]"
[BB(t1, )] = [BN(t)][BN(1,)]" !
[RR(t1,1,)] = [RN(t)][RN (1)]"

Three sets of MRP vectors o, o,, and s are introduced to param-
eterize the three direction cosine matrices [BN (¢)], [RN ()], and
[BR(t)], respectively. The MRP vectors (o, o,, s) satisfy defini-
tions similar to Eq. (2). Note that vectors parameterizesthe tracking
errors, and for small tracking errors, we can show thats ~ o — o,

The maneuver initial and final conditions are completely deter-
mined using the initial and final MRP vectors and angular velocity
vectors {0 (1,), w(t,)} and {o'(t/), w(t;)}. Furthermore, any admis-
sible reference trajectory must match the desired actual boundary
conditionsand {o,(t;) = o (t;), w,(t;) = w(ty)}.

Anexcellentfamily of large-anglemaneuverscan be generatedby
forcingthenominalopen-loopmaneuverto occuraboutthe principal
axis of rotation between the initial and target final state. As defined
in Eq. (17), the rotation from the initial position to the final position
of the reference axes is established by a direction cosine matrix
[RR(tf,1,)], where

{Ftp)} = [RR(ty, 1)1 (1,)}
(18)
[RR(ty,1,)] = [RN (t)I[RN (1,)]"
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Notice that [RR(t, ,)] represents the instantaneous projection of
7(¢) onto the initial attitude 7(z,) and, for small motions, is a near-
identity matrix. A unit vector / along the principal axis of rotation
fromtheinitial to the final desiredattitudecan be obtainedby solving
for the eigenvectorof [RR(Z, 1,)] corresponding to the eigenvalue
+1 as follows:

[RR(ty, 1))l = (1.0}, I=[l,h 5L, r'n=1 @19
Using the notation that RR;; denotes the i jth element of the matrix
[RR(t;,1,)], the principal rotation angle is

O =

tan-! Li(RRy;— RRy) + [L(RRy1 —RRy3) + L(RR;, — RRy))
RR;; + RRy, + RRy; — 1
(20)

The reference maneuver trajectory can be developed by first con-
sidering the single-axis maneuver of a rigid spacecraft about the
principal axis of rotation I subject to an external torque u’(t).
Because there is uncertainty in the inertia matrix, we assume the
knowledge of a (nominal) estimate of mass moment of inertia of the
spacecraft about the principal axis of rotation /. For the single-axis
rotation, the nonlinearequations of motion can be approximated by

16 =u*,

s

(] < why Q1)

Note that this equation is exact when the single-axis rotation about
the axis / coincides with any of the principal axes of the space-
craft. Empirical evidence,depending on the maneuverrate, suggests
that the contribution of the neglected gyroscopic terms in Eq. (21)
varies between 2 and 5%. However, these errors are very likely to be
smaller than the inertia errors (e.g., in the value of ;) themselves.
Thus, justification for the approximation in Eq. (21) follows from
the observation that it is not very useful to use a open-loop refer-
ence maneuver law based on erroneous inertia values in an attempt
to compensate for nonlinear terms very likely to be smaller than the
inertia errors themselves.

For the single-axis maneuver governed by Eq. (21), it can be
shown that the minimum time-optimal control subject to the sat-
uration torque constraint u; . is of the bang-bang type. Then, for
a rest-to-rest maneuver through an angle ®, the bang-bang control
u?(t) has the form

t 41,0
uw;(t)y =u; sgn|t — =], tp = (22)
u*

2

max

Even though we do not explicitly consider flexible body dynamics,
the bang-bangcontrollaw in Eq. (22)will excite significant vibration
of the flexible degrees of freedom. It is easy to introduce a smoothed
bang-bang control law defined as follows:

wi(t)
W
f 2
t t
— 3-2{— )|, t, <t =< aty
oty ofy
ty
1, (xtfgtgg—(xtfztl
2
t—1 t—1 ty
1-2 3-2 , h=t=<=+Haty=n
2(¥tf 2(¥tf 2
-1, L<t<t;—at; =1
t—1 : t—1t
-1+ - 3-2 - , B=<t=t
2at, aty

(23)

where o controls the sharpness of the switches, with « = 0 generat-
ing the bang-bang instantaneous torque switches given by Eq. (22)
and o = 0.25 generating the smoothest member of the family of

torque histories. Using this type of a torque law, the time for ma-
neuver f; can be obtained as

41,0
ty = - (24)
75 (1 — 20 + %(xz)

It can be shown from the binomial expansion of Eq. (24) that the
fractional increase of the maneuver time from the corresponding
optimal value is approximately proportional to «. The maximum
increase in the maneuver time [for @ = 0.25, which is the smoothest
member of the family of Eq. (23)] is less than 38% compared to the
bang-bang (¢ = 0) optimal control case of Eq. (22). Qualitatively,a
sufficiently smoothand low amplitude torque history and well-tuned
tracking control laws will make the most flexible structure behave
more like a rigid structure. For well-chosen reference maneuvers,
the maneuver times for flexible spacecraftcan usually be kept within
10 to 20% of the theoretical rigid-body minimum-time maneuver
so that the reference trajectory begins with the initial attitude and
ends with the desired final attitude, it is necessary that 6(¢) satisfy
the following boundary conditions:

0(t,) =0, 0(;) =0 (25)

In addition to Eq. (25), in the case of a rest-to-rest maneuver, we
have the boundary conditions
6(1,) =0, 6(1;) =0 (26)

Then, using Eq. (23) and the boundary conditions (26), we can
integrate Eq. (21) for 6 (¢) as follows:

-

1 3 I
— |- , t,<1t<at,
oty 2at;
L f<t<t
L) 2 “r=t=h
W PR 4
t — dat, - ) +2at, 1 27
2(¥tf o f
t t
2 2
6(t) = 6(t; — 1), vVIstsy

Further integrating Eq. (21) and using the boundary condition (25),
we obtain

-

Himax 12 t—n\ 4 t—1\
— a2 —2 o —
2 f(sz 59 2ar, ) O®
at, 3a’t; t
=L ) — L Ho<t <L
( 2 ) Tt )
t.
0(t) = 6(t;) — O(t; — 1), Vé <t<t,

Taking an inversekinematics approach, for the smoothed bang-bang
law in Eq. (23) and the corresponding values of 6 (¢) and 6(¢) from
Eqgs. (27) and (28), respectively, we can write

wir (1) = Ltan[0(1) /4], @, () =10@), @, =1L6@)

i=1,2,3 (29)

Note that p, in this equation is the MRP vector parameterizing the
directioncosine matrix [RR(Z, t,)]. One may obtain the MRP vector
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o, that parameterizes the reference motion direction cosine matrix
[RN ()] by the identity

[C ()] = [Cla,(NIIC (o, )] (30)

In Eq. (30), the matrix operator C[-] is already defined in the sense
of Eq. (2). The inverse dynamics solution for the corresponding
required instantaneouscontrol torque applied to the reaction wheels
to carry out the reference maneuveris obtained by rewriting Eq. (11)
as follows:

u, = C‘Z)rflr - (In - J)wr (31)
where

H,(t) = [RR(t,1,)]H,(1,), H,(t,)) = Lw,(t,) + JE.(1,)

(32)

Here I, is some nominal inertia matrix of the spacecraft that is as-
sumed to be known. Upon computing the reference torques u, from
Eq. (31) and comparing them with the saturation torques, it will be
evidentthat the maneuvertime [Eq. (24)] assumed in computing the
reference trajectory needs to be scaled up or down until the worst-
case maximum commanded torque [from Eq. (31)] is comfortably
under the saturation limit. The absolute value of the maximum of
each component of the reference torque may be taken about 5%
less than the saturation limit to permit additional torque capability
while superimposingthe tracking-lawfeedbacktorque perturbations
withoutfear of saturatingany of the actuators. Because the nonlinear
differential equations are solved algebraically, these computations
can be done quickly (in near real time). The maneuver determined
by this process will correspond to a near-minimum-time maneuver.
Note, however, that if the nominal inertia matrix /, used in deter-
mining the approximate open-loop maneuver law is very different
from the true inertia matrix (more than 15% error), then no claims
can be made regarding the time optimality of the maneuver.

IV. Adaptive Perturbation Feedback Control

Here, we present an adaptive controller for tracking the body
frame {b} along the smooth reference maneuver {F} given any un-
certainty in the system inertia matrix and departures in the initial
orientationso that fine pointingis accomplishedby the final time 7.
Using the definition for the angular momentum vector in Eq. (12),
we rewrite Euler’s equation of motion (11) as follows:

(I — Nw = o[BB(t, t,)I{Iw(t,) + Jt,)} —u  (33)

The reference motion already defined in Eq. (31) satisfies the fol-
lowing relation:

I, — Nw, =&, [RR(t, t) {1, w,(1,) + JQ.(1,)} —u, (34)
The difference between Egs. (33) and (34) leads us to
x=U—-N"U, - Dw, +U - 1) &[BB(t,1,)[w(t,)
+ I — J) '[@[BB(t,1,)]1I€1,)
- Cbr [RR(t» to)]{lnwr(to) + JQr(to)} - 8”] (35)

where x = w — w, and du = u — u,. Recognizing that the un-
known inertia matrix 7 is symmetric, Eq. (35), after some algebraic
manipulations, can be rewritten as follows:

x=— )7, — D, +q(s,x, 1) — du]
+( = D7 [{10B" + 12 B* + 133 B%
+ 1B + 1BV + Ly BP w(1,) | (36)
where
q(s, x, 1) = G[BB(t, 1,)]11,)
— @&, [RR(t, t,){L,w, (t,) + JE(1,)}

and
B = &[BB(t,1,)]AY, i,j=123
and
Aff'={ if (i=kandj=1I) or (i =/andj = k)
K 0 otherwise
k,1=1,2,3 37)

Thus foreachi and j, matrices B/ and A are order3 x 3. Following
these definitions, Eq. (36) can be written compactly as follows:

x=U -0, —Dw, +M*p(s,x,t)+q(s, x,t) —du] (38)
where

M* e R3 x 18
(39)

M = [11113 | 12213 | 13313 | 11213 | 11313 | 12313]7

p(s,x,t) =[B" | B*?|B*|B?|B"|B¥|"w(t,) (40)

Note that I3 in Eq. (39) is the identity matrix of order 3 and I;; are
the ijth elements of the 3 X 3 unknown symmetric inertia matrix /.

Similarly, the attitude departure motion s, which parameterizes
the direction cosine matrix [BR(t)], is governed by

s =D(s)x — D()[C(s) — L]w, 41)

where the definitions of C(s) and D(s) follow from Egs. (2) and
(10), respectively.

In the case in which the inertia matrix  is completely known, we
may attempt to find the perturbation feedback control law using a
positive-definite Lyapunov function defined as follows:

Vi =%[xTW1x+sTW2s], W, =wT >0(€ R3X3)
i=1,2 (42)
The time derivative of V; can be obtained as
Vi =x" Wik + 5" W,s (43)
Using Egs. (38) and (41), we can rewrite Vl as
V,=—x"W,d — J) " [8u — I, — Dw, — M*p(s, x, t)
—q(s,x, 0] +x" DT Wys — WT[C(s) — LI"D"Was  (44)

Choosing the feedback control law §u so as to make Vl < 01is not
very convenientbecause of the presence of the last term in Eq. (44).
Hence, we present a transformation matrix 7' that maps x(¢) to
w,(1):

w, (1) = T(O)x (1) (45)

Itcanbe recognizedthat there is no unique matrix thataccomplishes
this transformation. We choose the following as matrix 7':

Xi Wy . 12
- if x| > 10
T, =3 x'x i,j=1,2,3 (46)
0 otherwise

which has the property that it minimizes the cost function

3

Yy

i=1j=1
Using Eq. (46), we rewrite Eq. (41) more compactly as

x=U—-D7"U, — D, + M p[(s,x, 1) +q(s,x,t) — ul
47

s =G(s,x,)x, G(s,x,t) = D(s){I; — [C(s) — ;]T} (48)
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Following these developments, Eq. (44) becomes
Vi=—x"W,d — ) "[bu— I, — Dw,
—M*p(s,x,t) —q(s, x, )] +xTGT W,s 49)
Now we can choose a stabilizing tracking control law du to be
Su(t)y = (I — D[x+ W, 'G"Wys]
+, — Dw, +M*p(s,x,t) +q(s,x, 1) (50)

and we have Vl = — x"W,x < 0. However, the 3 x 3 matrices
(I — I,) and (I — J) are unknown and hence the control law stated
inEq. (50) cannotbe employed. We outline a direct adaptive control
method for this problem in the developments that follow.

It is assumed that (I — J) is nonsingular and positive definite,
which is true in virtually all practical situations. The control objec-
tive is to find a bounded adaptive control input §u(t) € R* such
that
(51)

as 1 — o0

)

x()—> 0
s(t) —> 0

In fact, we need to achieve good tracking even before r = 7,. To
achieve the objective stated in Eq. (51), we define a model (refer-
ence) plant with state x,, (f) € R? satisfying the following differen-
tial equation:

'X.’-n‘l = Amxm + d(“‘? x? t) (52)

The term d (s, x, t) € R? has to be bounded and stabilizing. We will
outline a procedure to specify it later. The constant matrix A,, is
strictly stable, i.e., all of its eigenvalues are on the left half of the
complex plane.

One intuitivelyreasonableapproachto choosing A, is to linearize
the dynamics about the final target state to obtain an approximate
linear system of the form x = Ax + Bu. Then, choosing u of
the feedback form u = —Gx leads to the approximate closed-loop
system X = (A — BG)x. We can use any convenient linear control
design method to design the feedback gain matrix G; then, A,, =
A — BG. However, A,, is chosen to be negative definite and it may
need further modification in view of the matching conditions stated
later.

The rate of the transient response of x can be controlled by ap-
propriately choosing the matrix A,,. In the situation in which the
parameter / is completely known, the control law du(¢) that forces
Eq. (47) to reduce to Eq. (52) can be found by

Su(t) =—K'[A,x +d(s,x,t)] + L*w,
+M p(s,x, 1) +4(s, x, 1) (53)
by satisfying the following matching equations:
K*=(I-1), L =,—-1) (54)

Note that we cannotemploy controllaw (53) because we lack knowl-
edge of K*, L*, and M* and thus propose the adaptive control law

Su(t)=—K®[A,x +d(s,x,t)]+ L(Hw,
+M@)p(s,x,t)+q(s,x,t) (55)

where K (¢), L(t), and M (t) represent time-varying adaptive esti-
mates of the unknown parameters K*, L*, and M*, respectively.The
vector functiond(s, x, t) is determined so that the adaptive control
law meets the control objective. Using Egs. (53-55) in Eq. (47), we
can write
¥=A,x+d(s,x,t) + (= J)HK*[A,x +d(s,x,1)]
+ L', + M*p(s,x, 1) +q(s,x, 1) — Su) (56)

Note that, if we adopt the expressionin Eq. (53) for Su(t), then the
state dynamics [Eq. (47)] will simply be

X=A,x+d(s, x,1) (57)

However, we use the adaptive control of Eq. (55) because we do
not know K*, L*, and M*. Invoking the series-parallel model® to
generate the estimate x () of x(¢), we adopt the following structure
for the estimator dynamics:

F=A R +dG,x, 0+ T =) HK@O[Anx +d(s, x, )]
+L(tw, + M(@)p(s,x,t) +q(s,x, t) — du} (58)

By virtue of the control law of Eq. (55), it is obvious that the ex-
pression within the braces vanishesand the estimated state dynamics
simplify to

F=A,%+dGs, x,1) (59)

From Egs. (52) and (59), it is recognized that if x,,(0) = x(0),
then x,,(t) = x(¢) for all times ¢ > 0. Moreover, if we define the
estimation error as

e(t) 2 x(t) — £(1) (60)
then the difference of Egs. (56) and (58) gives the error dynamics
e=Ane+ I — )" YK[A,x +d(s, x,1)]
—Zw, —Mp(s,x,t)} (61)
where

Kt =K@ — K*, L(t)=L() - L*

) (62)
M@t)=M(t) — M*

Here, we define a positive-definite matrix I' such that I'~! = K*,
I" is positive definite because K* = (I — J) is positive definite by
our assumption. We proceed to obtain adaptive update laws for the
estimated parameters. A positive-definite and radially unbounded
functionis defined as

V=e"Pe+tu[K'TK +L'TL+ M"'TM]
+ (o + )" Py +5) (63)
where P = PT > 0 is the solution of the Lyapunov equation:

PA, +A'P=-0Q (64)

for some Q= QT > 0. The existence of P > 0 is guaranteed by
the fact that A,, is a stable matrix. The time derivative of V can be
obtained from Eq. (63):

V =¢"PA,e+e"Al Pe+ 2" PK*{K[A,x +d(s, x,1)]

— L, — Mp(s,x,0)] + 2u[R'TK + L'TL + M'TM]

+ (X + ) P[A, X, +d(s,x, 1)+ G(s, x, D)x]

+[Apx, +d(s,x, 1) + G5, x,0)x ) P(x, +5) (65)

Using the matrix trace identities in Ref. 17, observe that

e'PK*'K[A,x +d(s,x,1)] = e"PTK[A,x +d(s, x, 1)]

= tr{e"PTK[A,,x +d(s, x, )]}

= tr{[Amx +d(s, x, t)]TleTl"Pe}

=tf{K'T Pe[A,x +d(s,x,1)]"}

To guarantee V < 0, simple algebraic manipulations lead us to the
following adaptive update laws:

K =K=—Pe[A,x +d(s,x, 0] (66)
L=1L= Peer (67)

]\;4 =M= PepT(s,x, ) (68)
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and we choose
d(s,x,t) = A,s — G(s, x,1)x (69)
Substituting these adaptive laws in Eq. (66), we get
V= —e'0c — (x +9)Q, +5) (70)

Developments thus far in this section outline a procedure to get
the feedback control torques required to achieve stable tracking.
However, the boundedness of the various parameters governing the
adaptive control law is a very relevant issue and we address this
question in the remainder of this section. )

From Eq. (63), V > 0, and from Eq. (70), V < 0. That means

lim V() 2 V. exists (71)

t— 00

and we can concludethat V € £, where the £, normis defined as

I7lls0 = sup [y(1)] (72)
t>0

If y is a vector function of time in R”, then || denotes the norm in
R" and we say that y € £, when ||y| exists. Similarly, we can
define the £, norm as

A o] 1/p
Iyll, = [/ [y (@l df} (73)
0

for p € [1, oo] and we say thaty € £, when | y||, exists,i.e., when
llyll, is finite. The norm definitions in Egs. (72) and (73) hold for
general m x n matrix functions of time as well if we interpret |-| as
the correspondinginduced matrix norm on R™ * ",

It then follows from the result that V € L, and Egs. (62) and
(63) that

Kel Lel Mel
el €l BE Lo, ME L gy
KG[:OQ, LG[:OQ, Mel:oo

Xy t+s)e Ly =x, €Ly, s €Ly (75)
We then see from Egs. (55) and (69) that
deLl,, Su € L, (76)

Moreover, from Eq. (71), we deduce thate € £, and (x,, +s) € L,.
Also notice that é € £, [from Eq. (61)] and (x,, + §) € £, [from
Eqs. (48) and (59)]. Using Barbalat’s lemma'® we conclude that
e(t) > 0ast — oo and [x,(t) +s(t)] > 0ast — oo. That
proves the boundedness of various functions in the adaptive loop.
To show that x,, (¢), s(t) — 0 ast — oo, we present the following
theorem given by Cristi et al.?

Theorem 1. Consider a class of sliding surfaces in the state space
[x,,, 5] in RE. Define & (£) = x,, () + 5(1). If Xy, %, € Lo and

lim ®(1) =0 a7

t— 00

then

lim x, (1) =0, lim s(t) =0 (78)
t— 0o t— 00

A rigorous proof to this theorem is given in Ref. 19. An equiva-
lent interpretation can be obtained by using an interesting result by
Vadali,?® in which it is shown that the sliding surface x,, +s = 0 is
optimal in the sense that it minimizes the cost function

J = /w [sTs +x;xm] dr 79)
0

This implies that both s and x,, are £, functions. As a consequence
of this theorem, we obtain that s(¢), x,, () — 0 as ¢ — oo. Further,
because e(t) = x(t) — x(t) — O ast — oo and x,, () = X(¢), we
concludethat x () — 0 as ¢t — oo, thus accomplishing our control

objective. We emphasize that no claims can be made about the con-
vergenceof the adaptiveestimates of the parameters K (¢), L(¢), and
M (t) to their respective true values K*, L*, and M* ast — o0. All
that the adaptive feedback control law given in this paper ensuresis
stable and bounded tracking of the open-loop maneuver trajectory.

V. Simulation Results

In this section, we present simulations of a case in which the true
inertia matrix is unknown and the zero angular momentum system
performs the desired near-minimum-time, rest-to-rest maneuver in
the presence of a maximum saturation torque condition.

To illustrate the performance of the direct adaptive controller, the
followinginertia matrix / and nominal inertia matrix /, are chosen:

95.0 —-0.69 0.18 100.0 0.0 0.0
I=1-069 190.0 0.12 |, I,=1 00 2000 0.0
0.18 0.12 1425 0.0 0.0 150.0

(80)

The choice of the nominal inertia matrix I, reflects approximately
5% errors in the actual system inertia matrix within the dominant
diagonal entries. During simulations, it was observed that the adap-
tive controller could tolerate inertia errors significantly larger than
5% (even of the order 40%). However, such large-scaleignorance of
systeminertiaadversely affects the time optimality of the open-loop
maneuver trajectory, and hence we limit our presentation to inertia
errors less than 5%. In this example, we assume the reaction wheels
to be aligned along the spacecraft principal axes. However, note
that the results of this paper are not limited to this special case. The
wheel inertia matrix is chosen to be J = I5. The initial conditions
for the matrices K, L, and M are all taken as zero. The goal is to
drive the spacecraft initially aligned with the inertial frame (Euler
3-1-3 angles [0, 0, 0]) to a final condition given by the Euler angles
[70 deg, 30 deg, —25 deg]. The desired maneuver then corresponds
to an Euler principal-rotationangle of ® = 53.6 deg about the axis
1. We emphasize that the Euler angles listed here are only for visual-
ization, whereas we employed the MRP vector in Eq. (4) as attitude
coordinates. Initial random errors in the Euler angle measurements
are assumed to have a standard deviation of 5 deg. They are consis-
tent with the worst noises from the sensors because typical sensors
have significantly better properties (less than 1-deg errors).

The rest-to-rest open-loop maneuver takes place in near-
minimum-time (with a torque smoothing factor @ = 0.25). The ac-
tuators have a saturation constraint given by |u;| < 1. On the basis
of several simulations, the parameter matrices A,, and Q are cho-
sen as Q = —A,, = 0.15 I3. The adaptively controlled trajectories
are shown in Fig. 1 for the Euler 3-1-3 angles, Fig. 2 for angular
velocities, and Fig. 3 for control torque requirements.

2 T T T T T T
45+  Reference Trajectory

Euler Angles (radians)
(=]
(4]

-0.5
4 . | . . . .
0 5 10 15 20 25 30
time (s)

— 2 T T T T T T
[ .
_E 150 Actual Trajectory 0 ]
k=3
o
@
Q2
[=2]
c
<
)
>
i}

4 . . I . . .

0 5 10 15 20 25 30
time (s)

Fig.1 History of Euler 3-1-3 angles along the reference and the actual
maneuver.
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Fig.2 Angular velocity components along the reference and the actual
maneuver.
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Fig. 3 Control torque components required along the reference and
the actual maneuver.

Figures 2 and 3 show that the desired near-minimum-timerest-to-
rest maneuver designed by the reference trajectory is accomplished
without saturating any of the actuators. It was observed that the
parameter matrices K (t), L(t), and M (t) converged with passage
of time but the convergence was not to their true values.

VI. Conclusions

A direct adaptive controlleris designed to take a spacecraft with
three reaction wheels along a near-minimum-time, rest-to-rest ma-
neuver. The true inertia matrix / is assumed to be unknown, as
would happen in the case of a space-station-basedrobotic manipu-
lator used to pick up and deliver loads of various sizes and shapes.
However, knowledge of a nominal inertia matrix I, that is close to
the unknown inertia matrix / is assumed. Note that this assumption
is not required for the stability of the closed-loop adaptive law. We
impose this constraintonly for the purpose of designing an approxi-
mately time-optimal open-loop maneuver law. The singularity-free
MRP are employed for kinematic representationof the system. The
method outlined here can be extended easily to accommodate for

nonzero initial and final velocities. Because qualitative approxima-
tions have been introduced in the context of design of the optimal
open-loop trajectory, the extent to which the maneuvers differ from
the true minimum-time maneuvers has to be investigatedon a case-
by-casebasis, and that is not the focus of this paper. Global stability
and boundedness of the overall direct adaptive tracking control sys-
tem have been proven analytically and demonstrated by computer
simulations, whereas parameter convergence,in general, is not guar-
anteed.
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